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Effects of Wall Admittance Changes on Aeroelastic
Stability of Turbomachines

Xiaofeng Sun* and Shojiro Kaji'
University of Tokyo, Tokyo 113, Japan

In the present investigation a kind of new lifting surface model has been suggested based on the application of
generalized Green’s function theory and double Fourier transformation technique, which is suitable for supersonic
cascade with subsonicleading-edgelocus. The theoretical analysisshows that the change of wall boundary condition
not only affects the eigenvalues of the system but also the eigenfunction normalizing factor in comparison with
a rigid boundary condition, and it is these variations that affect the flow and acoustic field. On the other hand,
through the present numerical simulation the change of wall admittance leads to very remarkable effects on both
the lift and moment coefficients, which will determine whether a nonrigid wall has a positive effect on suppressing
blade flutter or not. This means that if one aims at suppressing cascade flutter by use of a nonrigid wall one of the
best ways is to find soft wall with a controllable acoustic admittance.

Nomenclature

A = periphery of a blade
A, = upper or lower surface of a blade
b = blade semichord
Cryi, Croi = imaginary part of blade lift coefficient

rqr» Crai = real part of blade lift coefficient

mqi>» Cuai = imaginary part of blade moment coefficient
Chrigr» Cuar = real part of blade moment coefficient
H = height from the hub to the tip side
h = height from the hub to the tip side

in the transformed space

hy = stagger distance, measured parallel to chord
h, = gap distance, measured normal to chord
i = /-1
ky = wave number, k;, = @,/ ay
M, = blade circumferential Mach number in mean radius
M, = Mach number in x’ direction
M, = Mach number in negative y’ direction
Pm = amplitude of perturbation pressure for mth blade
t = time in an observer point
U = mean velocity
U, = mean velocity in chordwise direction
Vv = mean velocity in negative ¥’ direction
V. = normal velocity of a body boundary
v = upwash velocity of the reference blade
X, ¥,2 = blade-fixed coordinate system for an observer
X0, Y0, 20 = blade-fixed coordinate system for a source
x',yl 7 = duct-fixed coordinate system
a = wave number in £ direction
B = wave number in 1 direction
B = wall admittance
Ap, = amplitude of pressure difference for the mth blade

A = independent variable of wall admittance
Mom = source coordinate for the mth blade
0 = blade stagger angle
A, Ay, A, = eigenfunctionnormalizing factor
A = reduced frequency based on blade chord
En & = blade-fixed coordinate system for an observer

in the transformed space

& = particle displacement
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Eoa = amplitude of particle displacement
&oi = particle displacement inside the surface of a liner
oo = particle displacement outside the surface of a liner
&os M0, & = blade-fixed coordinate system for a source
in the transformed space
Eom = source coordinate for the mth blade
P = perturbation density
Po = mean density
c = interblade phase angle
T = time in a source point
Q = rotating speed of rotor
10} = angular frequency
y = perturbation frequency of blade force

I. Introduction

LMOST all commercial aeroengineshave a casing with acous-
tic treatment designed to reduce noise. An interesting problem
is whether there is some possibility of designing casing treatmentto
suppress the blade flutter. As the first step toward dealing with the
problem, it is clear that emphasis should be placed on elucidating
how a nonrigid wall or soft wall affects the aeroelastic stability of
a rotor. In fact, Watanabe and Kaji'! and Namba et al.”> have pre-
viously presented two different models to investigate the effects of
wall admittance changes on aeroelastic stability of turbomachines.
On the other hand, all numerical results from the models show that
a nonrigid wall indeed has more or less influence on the unsteady
pressuredistributionand the aeroelastic stablity of blades, and there
is some possiblityof suppresingblade flutter througha nonrigidwall
under a given wall admittance. However, the exising models are for
subsonic cascades, and an investigationrelated to a supersonic cas-
cade with subsonic leading edge locus has not been attempted for
a nonrigid wall until now. The latter may be more interesting for
the practical application. Hence, the present analysis will focus on
how to set up a model to investigate the effect of a nonrigid wall on
flutter of supersonic cascades with subsonic leading-edge locus.
The boundary condition of a nonrigid wall takes effect on the
flowfield or acousticfield theoretically by the variation of the eigen-
values. However, because the eigenfunctions no longer exhibit the
orthogonality property for a lined duct containing uniform mean
flow,>* compared with the hard-wall case this will resultin a great
difficulty for the derivationof a Green’s functionrequired by setting
up an upwash integral equation. Zorumski* presented an important
clue to derive Green’s function for a lined duct, in which the bound-
ary condition is directly coupled with the basic equations by using
Fourier transforms. This work has verified that there is a solution
which consists of nonorthogonaleigenfunctions. In fact, the mode-
matching approach widely used in duct acoustics is just based on
thistheoreticalframework. Hence, in the presentinvetigationwe find
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such solutions by use of an effective mathematical tool. First, the
double Fourier transform technique is applied to obtain the Green’s
function for a duct with an arbitrary locally reacting admittance on
one wall, and then an upwash integral equation is derived by using
generalized Green function theory and solving three-dimensional
Euler equations with a given cascade geometry. By letting the wall
admittance become zero, the hard-wall solution derived by the pre-
vious investigatorsis recovered. On the other hand, the eigenvalue
equation describing the boundary condition has been transformed
into a nonlinear ordinary equation’>® which is then solved by a
fourth-orderRunge-Kutta scheme. The computedeigenvaluesshow
very good agreement with the existing results for a nonrigid wall.
Based on the preceding check, the calculation is then extended to
investigate the effect of a nonrigid wall on the flow of a stator and
rotor blade row. We have found that the change of wall admittance
leads to very remarkable changesin the lift and moment coefficients
and further in the aeroelastic stability of a blade row. Finally, the
concludingremarks are given on the basis of the present theory and
corresponding numerical simulation.

II. Mathematical Model

A. Basic Equations

The cascade flow model used in this analysis is shown in Fig. 1,
all variables being physical or dimensional ones. Later scale lengths
will be taken with respect to the semichord b for convenience. In
addition, the following assumptions are made:

1) The system is three dimensional, which has a mean flow be-
tween two infinite parallel plates, as shown in Fig. 1. Especially, the
lower plate (hub side) is assumed rigid, whereas the upper plate (tip
side) is assumed to have a finite acoustic impedance.

2) The blades are flat plates of negligible thickness.

3) The mean angle of incidence is zero. There is no steady blade
loading, and the mainstream flow passes through the cascade unde-
flected.

4) All perturbations from the uniform mean flow are small so that
the flow equationscan be linearizedand the principle of superpostion
can be applied to the solutions obtained.

5) The flow is supersonic with axial subsonic flow.

In addition to the preceding assumptions, when the wall admit-
tance has a positive imaginary part an unsteady mode will be trig-
gered, which is related to Helmholtz instability waves.>’ In the
present analysis the effect of unstable surface modes will be ig-
nored. So, the perturbation pressure p induced by the motion of the
blade is then governed by the wave equation

m=2
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Fig.1 Schematic of flow model.
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where M, is the mean flow Mach number in x directionas shownin
Fig. 1, p is the fluctuating pressure, and ay is the velocity of sound.
The boundary condition is assumed to satisfy

0
a—p + b(y)p =a(y, t) if y onthe tip side of duct
n
op . .
Pl 0 if y on the hub side of duct )
n

where a(y, 7) can be any function of y and 7 (Ref. 8).
So, the Green’s function of Eq. (1) satisfies
NG | *G G 1 9%G
(1=-M)=+ =+ —
0x; 2y, 07

oM, 3*G

a3 ot? ay 0x¢0T

==06t - 1)8(x —y) (3)

The corresponding boundary condition is
oG . L
7 + b(y)G =0 if y on the tip side of duct
n

0G . .
Fri 0 if y on the hub side of the duct 4)
n

According to the generalized Green’s function theory,? the solu-
tion of Eq. (1) will be able to be expressed as

= ae[[o(Z+ LDy 0
plx,t) = B T : o agDr py, t
0 V. D
- Py, f)(- + —"—°>G(y, 7| x, t)} ds(y) 5)
n a T

B. Green’s Function in a Lined Duct

Suppose G, represents the Fourier transforms of Green’s Func-
tion in Eq. (3). Introducing the coordinate transforms & =x/b,
n=yB,/b, { =zB,/b and then substituting G, =G’ e~ ¥Mr% into
Eq. (3) yields’

G, =AcosK,§ + BsinK, ¢

_exp{—ilor + (a = KM,) + Bnl}

bK,
{cos K,&sinK, 8, &4 <¢
cos K, ¢sin K, &, & =4 (6)
where
K = ob/a,p? (7
B =M1 @®)

To determine the constants A and B, the concrete expression of
the boundary condition defined in Eq. (2) is needed.

The liner can be modeled by a vortex sheet separating the uni-
form mean flow region within the duct from the no-flow region in
the liner.!® The impedance boundary condition is then applied on
the no-flow side. The two regions are coupled by matching the pres-
sure p and the particle displacement &,. Further, from Eq. (6) the
assumption can be made that the displacementbe of the form

& = Guexplilot + (a — KM,)E + fmpl} ©)

However, if the relative movement between the wall and the blades
is considered, a laboratory-fixed coordinates will have to be used.
So, the following transforms are needed.
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x =x"cos@ + (y + Qr,,7)sin0
y = —x'sin0 + (y' + Qr,,7)cos 6

z=17 (10)

where r,, represents the mean radius of the rotor.
Substituting Eq. (10) into Eq. (9) yields

& = Guexpli(a v + o/x" + p'y")] an
where
o =[(a—KM,)/blcosO — B(B,/b)sin (12)
B =[(a— KM,)/b]sin0 + B(B,b) cos O (13)
o =0+ (Br,)0Q (14)

With the pressure and displacement matching conditions on both
sides of the liner,'° one can see that

2
ﬂr aGm . / o ﬂ,
——+t ik |1+ =M, ——=M,) G, = 1
b o TPk [ T L)
where
ky = @/ lag = [0+ (B'r,)Q2)/ay (16)
Let
2
B 0G, . o B
Ay(Gy) =— +ifkg| 1+ =M, — =M, ) G, =0
’ b 0¢ k| ky, -—
(17)
Because
oG
PYA =0 (18)
%0 lg =0

by using the preceding two conditions, the constants A and B in
Eq. (6) can be determined. Therefore the Green’s function can be
expressed as

G = 1 e pre pre cos K, ¢ cos K,GA,(sin K, &)
Q2r) o Jow Jow bK,A,(cos K, &)
1 {coquCO sink, ¢, & 5§:|
bK, |cosK,{sinK, &, & =4

Xexplio(t — 1) +i(a— KM,)(& — &)

+iB(1n, — n)]dadpfdow (19)

C. Derivation of Integral Equation

According to the boundary condition described in Eq. (17), the
contribution from both upper and lower walls to the sound pressure
in any point of the space surrounded by the walls will be zero. So,
the only remaining contributionto producesound pressureis related
to the blade rows. Under such condition Eq. (5) will become

! 3G
px,t) =/ df/ (—P-) ds(y) (20)
-T Adb on

where A, is the periphery of a blade, which consists of the upper
surface and the lower surface of a blade. Also, n is the normal to the
surface Ay, directed into the blade.

Assume the blade force changes with time dependenceexp i, 7,
ie.,

Ap(&y, &, ) = Ap(&, G)e'™T 2D

hence

r '\ 0G
p(x, t)=—/ dr/ Ap(&, &, ) B —dS(y) (22)
-7 Ap b ) on

where Ap is the pressure difference between the lower and upper
surface of a blade.

The theory of residues can be used to evaluate the inverse trans-
forms of Eq. (22). In fact if Aj,cosK,& =0, the poles in the
B plane are, respectively,

p==]a— K} - K2 (23)

Then if § — ¢ >0, a contour that circles the upper half of the
B plane is used, and if §, — & < 0, a contour circling the lower half
is used. In addition,

% 0A,(cos K, &) - B.K,h |1 ! sin2K,h
! B " bcosk, | 2 2K, h
+A(a, B) + Ax(a, ﬂ)} (24)
where
iBaM, o B’
Ai(a, B) = oD, (1 + k_GMX - k—gMy>cosquh (25)

H / / 2
As(a, B) = —M<1 + =M, - EM))

28,1 o TR
in 0 N 0
X(Sm + ﬂﬁ)coszl(qh (26)
a B
. B K,
A K = —_— 27
(sin qCU) b cos th 27

So, Eq. (22) becomes

B, .
plx, 1) = =sgn(n = 1)~ /Ab /_w Ap(&, &)

+ 00
cos K,Ccos K, &
R

g=1

Xexp I:ia),,t —i(a+ KM, )(&E - &)

_i,/aZ_K}f—K{fln—ngliI}dadS (28)

where
) = 1, x>0
Sen) = -1, x<0 (29)
K, = a),,b/aoﬂrz (30)
At 1 L+ sin2K,h + Ao BE) + As(a, B)
= _ |2 o B* o B*
2 2K, h e .

31

B~ =—&-K;, - K? (32)
p o JoTER -
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Let

P = —sgn(n— 770)475;2}1 / / Ap(&, &)
Ap ¢ —o0

XZ{K CcosK )

qg=1

X exp [—i(a + K,M)(E - &)

_i,/aZ—K}f—quln—ngliI}dadS (34)

As shown in Fig. 1,

om =& + mhy, m=0,=%x1,%2 ...
Tom = mh, ;. m=0,%x1,%2 ... (35)
For mth blade

Pm = —sgn(1n,)

e icosK q6cos K, &
47 b2h

qg=1

X A P (Eoms %)exp{—i(a + Ky MO)[E = (& + mhy)]

_i,/a2_KZ—K{42|n—mh2ﬂ,|}dadS (36)

where
M =N~ thﬂr (37)
Assume

Aﬁm(éﬂmv C()m) = Aﬁ(}(él’ Cﬂ)eimc (38)

where o is called the interblade phase angle. If the complete solution
to Eq. (1) is expressed simply as a sum over all blades of function

Pm, then
m=o ﬂ +00
p = _”1 = A p 9
p _X_:wp ~TT Po(&. &)
+ 00 m =00
cos K,{ cos K
z(# 5 sann)
q= m =-—00

X exp {imcr —i(a+ K,M)[&E — (& + mh))]

_i,/aZ_K}f—K{ﬂn—mhzﬂA}) da (39)

Therefore, the corresponding upwash integral equation can be
written as

7(E 1, 0) L
—= = / / f(&, VK (E =&, m C1G)d&dG  (40)
r 0 -1
where
A
& &) = 2200 &) @l

poU?

: +00 + K X
K=&, n¢l&) = ip, 0 / (cos ,Ccos K, &

47 on A(a+ K,/ M)

> senmexp|imo = ita+ KyMLE = (& + mhy)]

m=—00

_i,/aZ_K}f—K{ﬂn—mhzﬂA}) da 42)

By letting n— 0, an integral equation for the pressure across the
zeroth blade in terms of the known upwash velocity on the blade
surface can be expressed as

(&, 0,8

1 1
U =/ / (&, WK(E =&, ¢l&)d5ds  (43)
r 0 -1

where
K(&-&.¢16) = ’}er%]K(i =&, 1. ¢1&%) (44)
It can be further shown that

.0
hrn—
—-007M

K - io,é”léo)—

/+°° = cosK, ¢ cos K, & expl—i(a + K,M,)(& — &)]

iy (a+ K,/ M,)

| exp[i [ — K} — K{fn]exp[(i/Z)A_]

2i A-sintA_

exp(—i [a? — K} — K{fn)exp[(i/Z)AJ

1
A*sing A,

X

+

do (45)

where
A_ =T +ho)+hpBB (46)
=T +ha)+ h,B,B" 47)

=0+ K,M,h, (48)

As discussed in Ref. 11, the integrand possesses only poles of the
integrand at o, = K,/ M, and at the points where A+ =2nn for
n=0,=*1, £2,.... But it follows from Egs. (46) and (47) that the
latter points are determined by

of = —(Tuhy /) = (Bhafd)\[ (T /dy = K K2 (49)
where

I',=T-2nr, for n=0,*1,%2 ... (50)
d =/1i? —12p? (51)

When & — & < 0, the contour must be closed in the lower half
of the a plane and when & — & > 0 in the upper plane. Upon eval-
uating the residues, for the vortex wave propagating downstream

(&—-&5<0)
o, =—K,/ M, (52)

the correspondingkernel function can be expressed as

r va va
K& -&.cla) =2 ZW
g=1 !

B sinCha Boexpl—i (B2 K, [ M.) (¢ — &)]
cos(hof5, B,) — cos(I' + o)

B, =/o2 — K} - K2, (54)

because the wavelength of the pressure wave and the vortex wave
are different from each other. One can assume that the vortex wave
will notbe influenced by the wall admittancelike the pressure wave.
Because of this, it can be shown that

(53)

where
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K, = = R =1,2,3,...
‘ 7 HP, a=123
1, =1
A, = 1
{0.5, q#1
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(55)

(56)

For the downstream pressure wave (& — & < 0), the kernel function

consisting of the convergentseries'? is

ﬂr Z COSKq VC COSva CO

K(E-&.¢16) == > Y

g=1
B sin(ha B, B,)exp[ —i (B2K, /M, ) (& — &)]
cos(hy B, B,) — cos(T + e y)

B*h cos K, cos K, &
EPBNC

n=-0 g=1 arl ﬂn)

(a*z - K} -

n

K;)exp[—i(ocn+ + K,

M,)(E - &)]

* (o + T ) (o5 + Ko/ M)

N d? cos K6 cos K, & expl—i KM, (& — &)]
ﬂth(hl + ﬂth)Ax

Xexp{i[[,/(hy + B.hy)](&E — 50)})

+00 n =00

_ Z Z ﬂ,cosK CcosK &%

g=1n=—0c0

Xexplin(c — K, M, B,hy)18(& — & — nd,)

where
in2K,h
Alaf. B) = 1() 4 sin2Keh
2 2K, h

+ A (o), B)) + Az(a,f,ﬂn_)}

af =-T,h [d*+ (ﬁ,hz/d)\/(F,,/d)2 - K; — K}

By =Tuhafs, [d = (hi1d) (T, 1d) - K} = K?

= (/B[ -mk w2 = g6+ k2]

K, =k, — (o —2zn)M,/d

kK =k, + (o —2zn)M,/d’
B =—(c—2an)/d

d =bw/h% + I’Z%

K! = (B/D)K,

1 q =
A, =
i {0.5, qg#1

d =h + I’Zzﬂ,

dy =hy — hyp,

(57)

(58)

(59)

(60)

(61)
(62)
(63)
(64)
(65)

(66)

(67)

(68)

For the upstream pressure wave (§ — & > 0), the kernel function is

_ Bihy cos K, cos K, &
K(E=&.¢16) = -7 Z Z(%—m)

n=-0 g=1

(0‘:2 - K2 - K{f)exp[—i(ot,,+ + KhMr)@ - 50)]

* (o + Tl Jd) (o + Ko/ M)

B d*cos K, ¢ cos K, G expl—i K, M, (& — &)]
ﬂth(hl - ﬂth)Ax

Xexp{i[L,/(h; — B,h2)1(& — 50)})

+00 =00

_ Z Z ﬂ,cosK CcosK &%

g=ln=-o

xexplin(c + K, M, B.hy)18(& — & — ndy) (69)
where

in2K,h
Aoy BF) = [%(1 + %) + Ay (o, BY)

+ Az(an‘,ﬂn*)i| (70)

oy = =T, [d = (Bl d)\[(T, 1 - K} = K2 (71)
By =Tuhafs, [d + (hifd) (T, 12 - KZ = K? (72)
S =/ e gy o] o
B =—(c—2rn)d (74)

III. Numerical Example and Discussion
A. Eigenvalue Equation
As just indicated, the eigenvalues of Eq. (19) will be given by

Ay(cos K, G) =0 (75)

For soft walls with rotor-blade rows, Eq. (75) can be derived as

(K‘/’> HH(K‘/’) ﬂ(l % u ﬂ/M>2 (76)
— ) tan — ) =iB\1+=M —-—M,
X o\ % Kt K

One considers the eigenvalue K;/ k{ to be a fucntion of some pa-
rameter 7,. Assume f3, to be a function of this parameter. If Eq. (76)
is differentiatedwith respectto 1, then the following single ordinary
differential equation results:

o (KN iB.s[1+ (a1k)M, — (B'1K)M,
am \ Ky ) Ay + 2B ()1 + (ol Tk)M, — (B k)M, A,
where

)

+M (K'/k!
A, = Sy (78)

R = BB + (K1 1k)?]

K’ K' K’
A,y = [tankéH(k—z> + kéH(k—é’> sec? kéH(k—z>i|

(79)

On the otherhand, the preceding equations have used the expression
Ba(;) =1.Bar. 0 < n, < 1. Therefore, if Eq. (77) is integrated on
0 < n, <1, a hard-wall eigenvalue being used as the initial value,
then at , =1 the solution to Eq. (77) will be an eigenvalue for the
condition ;.
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B. Solution of Integral Equation
Consider the integral equation given by

_ 1 pl
_V(gg)zf / f(&, K (E =&, C1G)d5ds  (80)
r 0 -1

When the kernel functions given by Eqs. (57) and (69) are substi-
tuted into Eq. (81), a functional integral equation can be obtained
from the introduction of terms of the form Ap(x + nd, ;) caused
by the integration of the delta functions. On the other hand, these
terms will make it difficult to obtain accurate numerical results by
directly solving the equation. However, a similar method suggested
by Nagashima and Whitehead'® and Ni'* can be used to overcome
the difficulty, i.e., a new dipole strengh is defined along the chord
of the reference blade in order to give the required Mach wave re-
flections explicitly, and then the method of collocation can be used
to solve the integral equation.

C. Comparison with Compressible Results with Hard Walls

When the wall admittance tends to zero, one of the theoreticalre-
sults in the present analysis is the upwash velocity integral equation
with kernel function for a hard-wall case. At the same time the radial
standing wave will have no contribution to the integration of blade
pressure distribution. So, in this case the conclusion can be made
that the result of solving the three-dimensionalintegral equation for
a hard wall will reduce to that from the two-dimensional model if
the blade lift and moment coefficients are defined as

1 Y
Crq =m/ﬂ /0 Ap(&, o) d& d&o (81

1

Cy, = ———
M pyU, 7, Hb?

1 n
/ / SAP(&, &) d&dg  (82)
0 0

for a bending vibration, and

1 1 T )
Cro = m /(; /(; A p(&, &) d& d& (83)
1 T
Crpo = ——— / / EA P&, &) d& dg (84)
r 0 0

for a torsional vibration, where v, represents the amplitude of up-
wash velocity caused by bending vibration and ¢, is the amplitude
of the angulardisplacementcaused by torsional vibrationof a blade.

Accordingto the preceding definition, Tables 1 and 2 give the re-
sults of solving the present three-dimensionalintegral equation and
those from Refs. 13-16. These results show very good agreement
between each other.

D. Numerical Results for a Rotor-Blade Row

As has been indicated, if the incoming velocity U, along the
chordwise direction and other geometrical conditions remain the
same the upwash integral equation for both a stator-blade row and
a rotor-blade row with a hard wall will have the same expression.
However, for a soft wall their integralequations will have two differ-
ences. First, there is an additional term for the expression of kernel
function of a rotor-bladerow, which is related to the circumferential
Mach number M, of the blade. Second, the transformationbetween
a duct-fixed coordinate and a blade-fixed coordinate will lead to a
shift of perturbationfrequency of the blade. This means that the real
frequency interacting with the wall will be different from that for a
stator-blade row. In fact, it can be shown from Eq. (63) that

o, = w, + B.(d —n)Q, n=0,*1,+2 ... (85)

where 6/ =c/2x and B, is the blade number of the rotor.
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Fig.3 Effect of interblade phase angle on the lift coefficient caused by
torsional motion under various wall admittance. The other conditions
are the same as in Fig. 2.
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Table 1 Lift and moment coefficients

Bending Torsion

A CFq CMq CF(x CM(x

0.301 —0.1592+i0.3822 —0.0241+i0.0648 —0.1396+i0.3894 —0.0181+i0.0417
—_— —0.1592+i0.3822 —0.0239+i0.0649 —0.1397+i0.3894 —0.0179+i0.0418

Note: The first row gives results from Ref. 13 for a given reduced frequence A; the second row is the results of the
present program. 0 =59.53, o = =30, M, =1.3454, space/chord =(.7889.

Table 2 Moment coefficient Cy;q,

1.0
o Present analysis ~ Adamcyk’s analysis Verdon’s analysis 05 L
—180.0000  0.5259-i0.3718 0.5212—i0.3641 0.51-i0.37 N L
—150.0000  0.3330-i0.5107 —0.3309-i0.5030  —0.34—i0.5 00 RO
—120.0000  0.0848-i0.5225  0.08566—i0.5153 0.11-i0.57 5 05 ,
—90.0000 —0.1819-i0.3969 —0.1790-i0.3910 0.175-i0.408 g f T K Sk
—60.0000 0.1534-i0.2917 0.1617—-i0.2895 0.160—i0.290 € -0 IR
-30.0000 —0.190—i0.2840 —0.1872-i0.2824  —0.190—i0.28 2 L !
0.0000 —0.2375+i0.0529  —0.2354+i0.5372  —0.24+i0.04 g 10 o
30.0000 —0.0552+i0.2603 —0.05435+i0.2602 —0.04+i0.26 § 20F
60.0000 0.1859+i0.3257 0.1851+:0.3257 0.19+i0.30 =
90.0000 0.4161+i0.2560 0.4123+i0.2567 0.405+i0.24 - 257
120.0000 0.5725+i0.0782 0.5674+i0.08128 0.58+i0.05 ao0f
150.0000 0.6134-i0.1534 0.6073—i0.1479 0.60—i0.16 T
180.0000 0.5256-i0.3716 0.5212—i0.3641 0.51-i0.37 350 | ‘ | 1 ‘ | |
Note: The preceding results of both third and fourth column are all taken from -2.0 -1.5 -1.0 -0.5 0.0 05 1.0 15 20
Table 1 Verdon’s cascade A in Ref. 15. Also 4 =0.602, 0 =59.53, M, =1.3454, Arg(B )
space/chord =0.7889. a) a
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1 1 1 1 1 1 1
'1‘92.0 A5 10 05 0.0 05 10 15 20 Fig.5 Variation of lift coefficient caused by torsional motion with wall
admittance. The other conditions are the same as in Fig. 4.
2) Arg(B,)
Equation (85) shows that the frequency in a duct-fixed coordinate
| dependsnotonly the speed of rotor Q2butalso on the interbladephase
10 angle o. Perhaps the most important feature from this expression is
that for a stator-blade row, all modes interact with the wall at the
3 same frequency, whereas for a rotor-blade row each mode has its
S_,; 05 2 own frequencythat correspondsto a differentmode numbern shown
% 1 J Unstable in Eq. (85). Hence, for a rotor-blade row it will be unreasonable to
= \ I _ assume that the wall has the same admittance for all modes. Actu-
§ 00 ————— = I ON S ally, this means that if one hopes to control the aeroelastic stability
= Ty of a given blade row through the wall it must be designed to have
o Stable .
g s o the required frequency response for each mode, at least for some
£ o051 \ main or key modes, to affect the blade aerodynamic loading. As a
3 theoretical analysis, Figs. 2-7 give the results under the assumption
that if circumferential mode number |n| <10 B, has a given value,
10 . L . L . . . otherwise 8, =0. First, the moment and lift coefficients are plotted

--20 -1.5 -1.0 -0.5 0.0 05 1.0 1.5 20
b) Arg(B,)

Fig.4 Variation of moment coefficient caused by torsional motion with
wall admittance: 1, hard wall |3,| =0; 2, soft wall |3,]|=0.2; 3, soft
wall|3,]| =0.6.Also o =1.39,\ =0.301,0 = 59.53,space/chord = 0.7889,
span/chord = 4.0, M, = 1.3454, M; = 1.36. These coefficients are referred
to an axis position at the midchord point.

as a function of interblade phase angle in Figs. 2 and 3. Perhaps the
most striking feature of these plots is that the change of wall admit-
tance will also lead to a very prominent effect on the moment and
lift coefficients of a supersonic cascade with subsonic leading-edge
locusjust ashas been shownin a subsoniccase.'*? Further, the imagi-
nary part of the moment coefficient Cy,; will determine whether the
blade flutters or not, i.e.,if C,; < 0, the system is stable; otherwise
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ditions are the same as in Fig. 1.

it is unstable. Figure 2 shows the effect of interblade phase angle
on the aeroelastic stability of a given blade row under various wall
admittances. For a hard-wall case, plotted here with a solid line, the
blade is unstable when the interblade phase angle ranges between
0 and 7. But the blade is stable in this range for a given wall admit-
tance value 8, =(0.10, —0.18). In particular, when 8, =(0.2, 0.1)
the blade will remain stable for almost all interblade phase angle
values except for very few points shown in Fig. 2b. However, the
opposite results can be also found when the interblade phase angle
varies from 7 to 27 for curve 2 with 8, =(0.10, —0.18). Actually
this means that for any given cascade whether soft walls will en-
hance the aeroelastic stability of the blade or not will depend on
the wall admittance values. On the other hand, Fig. 2 also shows
the most unstable point corresponds to the interblade phase an-
gle 0 =1.39, which has its maximum positive moment coefficient
Cpai =0.0707. It may be very meaningful to know how this crit-
ical point responds to the wall admittance. In fact, Figs. 4 and 5
show the variation of the lift and moment coefficient with the wall
admittance. In these two plots the wall admittance is expressed by
its absolute value and argument and especially the latter is taken as
an independent variable. There are some combinations that enable
the blade to be stable for |8,| =0.2 and 0.6. These plots also clearly
indicate that even though a few modes are controlled through the
wall it is still found that the lift, moment coefficients, and stability
will all be changed prominently compared with the results for the
hard-wall case. Figures 6 and 7 give the lift coefficient along the
span for two different interblade phase angles, which provide us
with more detailed information about how the soft walls change the
blade pressure distribution.

IV. Conclusions

In the present investigation a kind of new lifting surface model
has been suggested based on the application of generalized Green’s
funtion theory and double Fourier transformation technique; the
model is suitable for a supersonic cascade with subsonic leading-
edge locus. The change of wall boundary conditions not only affects
the eigenvaluesof the systembut also the eigenfunctionnormalizing
factor in comparison with a rigid boundary condition, and it is these
variations that finally influence the flow and acoustic fields. On the
otherhand, undera nonrigid boundary condition the kernel function
expression for a rotor-blade row is different from that for a stator-
blade row because of the motion and boundary condition effect,
whereas under a rigid boundary condition these expressionscan be
reduced to the same results as that given in the preceding models.
This provides a further check of the theoretical results. In fact, the
moment and lift coefficients calculated by the presentprogram show
good agreement with those availablein the literature for a hard-wall
case. Based on the preceding check, the calculationis then extended
to investigate the effect of a nonrigid wall on the flow of a rotor-
blade row. The change of wall admittance leads to large changes in
the lift and moment coefficients, a result which is quite similar to the
analysis in a subsonic case. Perhaps the most important conclusion
drawn from the presentinvestigationis that whether a nonrigid wall
has a positiveeffect on suppressingblade flutter will depend mainly
on what admittance value the wall possesses. One of the best ways
to suppress cascade blade flutter by use of a nonrigid wall is to find
a soft wall with a controllable acoustic admittance. To realize the
objectives, it is very apparent that considerable research effort is
still requried.
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